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Abstract: We demonstrate the existence of a broad class of non-perturbative fermionic
solutions to the Euclidean supergravity equations of motion, which are half-BPS and non-
singular, possess zero action, and obey an (anti)self-duality condition. These are identified
as fermionic instantons associated to the status of the gravitino as the gauge field of lo-
cal supersymmetry. By explicitly constructing these configurations from combinations
of (anti)self-dual Yang-Mills gauge fields and Killing spinors, we may leverage the ADHM
method and generalisations thereof to provide all possible solutions on certain gravitational
backgrounds. As one may expect, these solutions generate and are in turn intrinsically de-
pendent upon spacetime torsion.
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1 Introduction
Across the breadth of theoretical physics and mathematics, one concept leveraged in nu-
merous settings and to numerous ends is that of the instanton. These are non-singular finite
action solutions to Euclidean field equations, which in turn imply an (anti)self-duality con-
dition on the corresponding field strength.
More precisely, in the presence of (anti)self-dual field strength the Yang-Mills equations
are satisfied automatically, in the simplest case arising from characteristic field configura-
tions of the form
Aa =
1
g
xbσab
x2 + ρ2
, (1.1)
where g is the coupling constant, σab the self-dual Lorentz generator, and ρ is a scale
associated to the size of the instanton.
These solutions approach pure gauge at infinity, and are thereby associated to quantum
mechanical tunnelling between topologically distinct vacua indexed by
k ≡ −
1
4π2
∫
M
Tr (F ∧ F ) , F ≡ dA+A ∧A . (1.2)
As canonical examples of non-perturbative phenomena, they are also invisible in perturba-
tion theory by virtue of their inverse dependence on g.
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Originally elucidated more than forty years ago [1], these field configurations are now
known to be a characteristic feature of the QCD vacuum, thereby responsible for many
aspects of the resulting phenomenology [2], and have found further application across a wide
swathe of topics in theoretical physics [3]. In addition to their physical utility, instantons
have also found an array of applications in purely mathematical contexts [4].
Furthermore, we may note that these concepts can be usefully imported into the grav-
itational context, given that the Einstein field equations are also automatically satisfied
in the presence of (anti)self-dual Riemann curvature. This leads to the notion of gravita-
tional instantons; finite action asymptotically locally Euclidean solutions of the Einstein
equations, indexed respectively by the Euler number and Hirzebruch signature
χ ≡
1
16π2
∫
M
Rab ∧ ∗R
ab , τ ≡ −
1
24π2
∫
M
Tr
(
Rab ∧R
bc
)
, (1.3)
where ∗ is the Hodge dual. Originating from the same era and considerations as the
analogous gauge theory solutions [5], known examples of gravitational instantons also find
wide application across a variety of contexts.
The line of reasoning connecting both of these scenarios is the status of the underlying
degrees of freedom as gauge fields, or in more mathematical terms, connections on principal
bundles. In the former case A is of course the familiar gauge field of Yang-Mills theory,
and in the latter we have the spin connection ωab, which can be thought of as arising from
the gauging of Lorentz symmetry into the full diffeomorphism group.
As is well established, given supersymmetry transformations parametrised by a spinor
ǫ, promoting this field to a function of local coordinates also necessarily mandates a gauge
field, the spin 3/2 gravitino ψ. This may be accounted for via the observation that if super-
symmetry is made local we then expect a new transformation δ (. . . ) ∼ ∂µǫ (x), implying
the existence of a previously absent field carrying both a vector and a spinor index.
This perspective suggests the existence of a previously unexplored third class of in-
stanton, complementary to the gauge and gravitational phenomena outlined above. This
being the case, the considerations which have been so useful elsewhere may bear yet more
fruit when transplanted into this novel context.
Indeed, in the following we will establish that:
1. Supergravity configurations (ea, ψ) for which the torsion-free Riemann curvature
obeys a duality condition and appropriate boundary conditions, whilst the gravitino
generates torsion and is constructed via derivatives of torsion-free Killing spinors,
automatically satisfy the associated equations of motion with zero action and are
half-BPS.
2. By constructing the gravitino in this fashion we may import many of the notions and
techniques of Yang-Mills instanton calculus, such that the task of finding explicit field
configurations satisfying these conditions can be reduced in certain backgrounds to
a problem for which the solution is already known.
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3. This results in characteristic solutions which are schematically of the form
ψµ =
1
κ
Aµǫ ,
where Aµ is an (anti)self-dual Yang-Mills gauge field, ǫ is a Killing spinor of the corre-
sponding torsion-free background, and κ2 = 8πG is the usual gravitational coupling.
We identify these as fermionic instantons associated to the status of the gravitino as
the gauge field of local supersymmetry.
Although there exists a large body of literature on exact supergravity solutions, in-
cluding a number of comprehensive results [6–15], these solutions are overwhelmingly of the
‘bosonic’ type, where fermionic backgrounds are trivial. A significantly smaller fraction of
this research effort involves non-trivial solutions for the gravitino field [16–19], albeit also
often neglecting the non-linear, and in this context essential, effect of gravitino-induced
spacetime torsion. To the best of our knowledge the solutions presented herein, their
method of construction and indeed the notion of fermionic instantons, are novel.
2 Preliminaries
Before proceeding further we will establish some notation and conventions for what follows.
As one may imagine, there exist a number of non-trivial aspects to solving the fully non-
linear supergravity equations of motion. These may be ameliorated to some extent by
framing the problem appropriately.
2.1 Duality structure
We may firstly note that in Euclidean signature the Hodge star satisfies the condition
∗2 = 1, implying a canonical decomposition on the bundle of two-forms
Λ2 = Λ2+ ⊕ Λ
2
− , (2.1)
where Λ2± are the ±1, or equivalently self and antiself-dual, eigenspaces of ∗. For concrete-
ness we will specialise in the following to self-dual instanton configurations only.
Whilst independently useful, this decomposition also implies the group isomorphism
Spin (4) ≃ SU (2)+ × SU (2)− , (2.2)
in terms of which the underlying problem may be usefully expressed. The corresponding
self and antiself-dual generators are
σab ≡
1
4
(σaσb − σbσa) , σab ≡
1
4
(σaσb − σbσa) , (2.3)
where (σa)AA˙ = (i~τ , 12×2) and (σ¯a)
A˙A = (−i~τ , 12×2) are the Euclidean sigma matrices,
with ~τ the ordinary Pauli matrices, and A, A˙ = {1, 2} are respectively the spinor indices of
SU (2)+ and SU (2)−. We will use lowercase roman characters {a, b, . . . } for tangent space
indices and greek characters {α, β, . . . } for spacetime indices, with three-vector indices
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exclusively represented via {i, j, k}. Following the conventions of [20], our Euclidean gamma
matrices are then
γa =
(
0 −iσa
iσa 0
)
, (2.4)
such that we have the useful chiral-duality identity 1
γab ≡ γ[aγb] =
1
2
γ5ǫabcdγcd . (2.5)
2.2 Euclidean fermions
This structure is further reflected in the standard two-component notation for Dirac spinors,
where fields in the
(
1
2 , 0
)
⊕
(
0, 12
)
representation are written
ψ =
(
χA
ξ¯A˙
)
=
(
ψ+
ψ−
)
, χφ ≡ χAφA , ξ¯φ¯ ≡ ξ¯A˙φ¯
A˙ , (2.6)
with ψ+ and ψ− independent, and so labelled in accordance with the usual projection
operators P± =
1
2
(
1± γ5
)
. Although this fits neatly, there does exist however a well-
known problem in this context; that of fermions in Euclidean signature.
It is first of all notable that there are no Majorana representations in Euclidean sig-
nature since SU (2)+ and SU (2)− do not mix under conjugation. This precludes the
Majorana reality condition which would otherwise relate ψ+ and ψ−, which is of course
problematic for theories exhibiting N = 1 supersymmetry, reliant as they are upon such
representations. As such, we will necessarily promote our gravitino from a Majorana field
to the Dirac gravitino typically encountered in N = 2 supergravity, with the hope that
whatever results we derive may still be of relevance to the N = 1 case 2.
Unfortunately, there are yet further issues in that the Lorentzian inner product, ψψ ≡
ψ†γ0ψ, is not preserved in Euclidean signature, since γ0 has the effect of mixing dotted
and undotted spinors. Therefore, we should apparently instead utilise the Spin (4) invariant
ψ†ψ = ψ†+ψ+ + ψ
†
−ψ− which comes at the price, given the absence of γ
0, of the loss of a
definite Hermiticity property of any resultant action.
As discussed in [20], there exist a number of workarounds and perspectives on this
issue. The most conservative viewpoint, which we will espouse in the following, is that
our primary concern is simply the computation of Minkowski space Green’s functions.
The standard Wick rotation into Euclidean signature offers a convenient and well-defined
method of calculation, from which these can be extracted. That fermionic actions cease
to be real-valued after Wick rotation is then something of an irrelevance, in that we can
regardless arrive at the correct Minkowski signature result.
It does however result in a further non-triviality in that, under the standard Euclideani-
sation prescription [21], this implies that the number of fermionic degrees of freedom, Dirac
1 We (anti)symmetrise always with unit weight, such that e.g. γ[mn] = 1
2
(γmn − γnm).
2 At any rate, the solutions we ultimately find will only preserve half of the underlying N = 2 super-
symmetry as a consequence of self-duality.
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or otherwise, must be effectively doubled. In practice this amounts to replacing ψ† with a
ψ-independent field χ†, although the number of Grassman integration variables ultimately
remains unchanged.
However, it should be noted that there also exist a variety of other techniques for the
Euclideanisation of fermions [22–26], some of which do not involve any kind of doubling,
and some of which do preserve Hermiticity. Furthermore, at present there seems to be no
clear consensus on a ‘best’ approach, resulting in a rather unclear situation overall.
As such it seems best to take an agnostic perspective on the issue, and eschew argu-
ments entirely which rely on a choice of inner product. For notational familiarity we will
still write barred spinors such as ψ, but without assuming any precise relationship to ψ.
2.3 Cartan formalism
On the geometrical side we will also require some standard results from the Cartan for-
malism; given a set of frame one-forms ea = eaµdx
µ, the first Cartan structure equation
provides the torsion
T a ≡ dea + ωab ∧ eb , (2.7)
in terms of a spin connection ωab, which then yields the Riemann curvature via
Rab ≡ dωab + ωac ∧ ω
cb . (2.8)
In practice it will be expedient to decompose the spin connection into
ωab = ωab◦ +K
ab , dea + ωab◦ ∧ e
b = 0 , T a = Kab ∧ eb , (2.9)
where ωab◦ is the unique torsion-free spin connection, and K
ab is the contortion one-form.
In this notation the supergravity Lagrangian is
L =
1
2
ǫabcde
a ∧ eb ∧Rcd − ψ ∧ γ5γ ∧Dψ , Dψ ≡ dψ +
1
4
ωabγab ∧ ψ , (2.10)
where we have the following definitions
γ ≡ γae
a , γ5 ≡
(
1 0
0 −1
)
, ψ ≡ ψae
a = ψµdx
µ , (2.11)
and invariance under the transformations
δψ = Dχ , δea =
1
2
(
χγaψ − ψγaχ
)
. (2.12)
To streamline presentation we are evidently neglecting the U (1) graviphoton field of N = 2
supergravity, although it may of course be straightforwardly incorporated in what follows.
Since it will be of relevance later on, we also note that the Rarita-Schwinger prefactor
here is the correct choice for a Dirac field. A Majorana gravitino would require the more
conventional factor of 1/2 to correct for overcounting arising from self-conjugacy.
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3 Fermionic instantons
Having established sufficient formalism, we may now search for the instanton solutions
which the arguments of the introduction suggest should exist.
3.1 Chiral-duality symmetry
We firstly recall that since both the Einstein and Yang-Mills equations are automatically
satisfied given a duality condition on the field strength, it is sensible to pursue a similar
result for the Rarita-Schwinger equations,
γ ∧Dψ =
1
2
γαψµν e
α ∧ eµ ∧ eν = 0 , ψµν ≡ Dµψν −Dνψµ . (3.1)
By contracting the components with ǫαβµν we can arrive at two equivalent relations,
γµψµν = 0 , γ
µ ∗ ψµν = 0 , ∗ ψαβ ≡
1
2
ǫαβµνψµν , (3.2)
which are indeed suggestive of some underlying duality structure. Use of the chiral-duality
identity (2.5) and γµγν = γµν + δµν further yields
γαγ
βψβµ = ψαµ + γ
5 (γµγν ∗ ψαν − ∗ ψαµ) , (3.3)
indicating that the equations in (3.2) imply, and are in turn interrelated by, the chiral-
duality symmetry 3
ψµν = γ
5 ∗ ψµν . (3.4)
In form notation this is equivalent to(
Dψ+
Dψ−
)
=
(
+ ∗Dψ+
− ∗Dψ−
)
, (3.5)
which we may recognise as self and anti-self duality in the positive and negative chirality
projections, respectively. This then indicates that in fact every solution of the Rarita-
Schwinger equations obeys a duality condition, but also that this chiral-duality is not
sufficient in and of itself to ensure solution.
Building upon the reasoning surrounding instanton solutions in general relativity and
Yang-Mills theory, we therefore require some further condition to delineate those field
configurations which are ‘special’ in some sense; in that they possess non-trivial topological
character and automatically solve the equations of motion.
3 Care should be exercised in comparison with the literature in that (2.5) is signature-dependent, such
that ψµν = −γ
5 ∗ ψµν in the Lorentzian case [27].
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3.2 Geometric & topological considerations
To find such a condition we may note that for any spinor ǫ the ansatz ψ = Dǫ must
always be a valid solution, since δψ = Dǫ under supersymmetry. Clearly some subset of
these solutions are trivial, in that they are merely gauge transformations of ψ = 0. To
delineate these possibilities, we may specialise for concreteness to spacetimes which locally
approximate flat spacetime at infinity, and examine their asymptotic behaviour.
1. If ǫ is first of all an increasing function at infinity, then ψ will not be normalisable
and hence not a valid solution for our purposes.
2. If ǫ vanishes at infinity, then the associated transformation will be asymptotic to the
identity. ψ will therefore be pure gauge and hence may be removed by gauge fixing.
3. If ǫ is asymptotic to a constant value at infinity, it is non-normalisable and as such
inadmissible as a gauge parameter. Since Dǫ will nonetheless vanish at infinity, ψ
itself can in contrast be normalisable. This is the subset of solutions we will consider.
We need only consider asymptotic behaviour since the difference of any two ψ in the same
asymptotic class must vanish at infinity, and so can be removed via gauge transformation.
As observed in [28], it is only the latter class which incorporate zero modes associated
to supersymmetry transformations. This may be considered a foreshadowing of the zero
modes we expect any instanton solution to possess as a result of collective coordinate
invariance.
It is first of all evident that we expect instantons to minimise the energy within a given
homotopy class, and in so doing saturate a Bogomol’nyi bound. In general relativity the
corresponding relation is
M ≥
√
Q2 + P 2 , (3.6)
where M is the ADM mass of the spacetime, and Q and P are the electric and magnetic
charges respectively.
As demonstrated in [6], saturation of this bound implies the existence of solutions to
the equation Dǫ = 0. These Killing, or equivalently supercovariantly constant, spinors are
of particular importance in supergravity and indeed differential geometry in general. Their
relevance to our picture is as follows.
Since the metric must approximate locally flat spacetime at infinity, whatever non-
triviality is present must be suppressed by powers of r. Given that the connection compo-
nents are defined via derivatives of the metric, their contribution at infinity must therefore
be at most O
(
1/r2
)
. Evidently the Killing spinor equation at infinity is then dǫ = 0, which
implies that any non-trivial solution ǫ provides a characteristic representative of the class
of spinors which are constant at infinity.
Relative to our original delineation, this appears to be paradoxical. If ǫ vanishes at
infinity, then ψ is pure gauge and therefore trivial. If however ǫ is constant at infinity,
then it is related by gauge transformation to a Killing spinor, and ψ = Dǫ again vanishes
identically and is unsuitable for our purposes.
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The resolution to this quandary lies in the fact that our argument is valid for general
relativity only, and so neglects spacetime torsion. In supergravity, as with any theory
of gravity coupled to fermions, the possibility of this torsion must be accounted for. It
is furthermore inescapable if, as in the present setting, one seeks non-trivial background
configurations for the fermion fields.
If, as before, ǫ is Killing relative to the torsion-free background we then have
ψ = Dǫ =
(
d+
1
4
γab
(
ωab◦ +K
ab
))
ǫ =
1
4
γabK
abǫ , (3.7)
where we have decomposed the full spin connection into the unique torsion-free part ωab◦ ,
and the contortion one-form Kab, which ultimately will be sourced by the gravitino. The
apparent overlap between the pure gauge and non-gauge asymptotic classes is then seen
to be a consequence of having implicitly selected the zero instanton sector, when γabK
ab
vanishes.
Despite no longer satisfying Dǫ = 0, spinors such as ǫ are nonetheless sensitive to the
underlying geometric information in that their bilinears still form Killing vectors via
ξν = ǫ e
a
νγ
a ǫ , ∇µξν +∇νξµ = 0 . (3.8)
This follows from the fact that the torsion resides in the antisymmetric part of the affine
connection, which is removed by the symmetry of Killing’s equation.
3.3 Connecting connections
Given the somewhat slippery nature of spacetime torsion, it is not necessarily clear how
we should interpret (3.7) in relation to the more familiar Yang-Mills instanton solutions.
We may however make a connection explicit in the following way.
By virtue of (2.5) the positive chirality gravitino satisfies
γ5ψ+ = γcdK
cdǫ+ =
1
2
ǫabcdγcdKabǫ+ , (3.9)
which is eminently suggestive of a self-duality condition on the contortion one form,
Kcd =
1
2
ǫabcdKab . (3.10)
Taking some inspiration from the approach of [29], this may be engineered by interpreting
the contortion as a gauge field via
Kab = Aiηiab , (3.11)
where Ai is a one-form carrying a single su (2) index and ηiab is the self-dual ’t Hooft
symbol. We then have
1
4
Kabγab =
1
2
Kabσab = A
iσi ≡ A , (3.12)
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where we have made use of the identity σab =
1
2ηjabσ
j, and
Kabγab =
1
2
(
Kabγab +
1
2
ǫabcdKcdγab
)
=
1
2
Kabγab (1 + γ5) . (3.13)
Equation (3.7) then implies
ψ+ = Aǫ+ , Dψ+ = d (Aǫ+) +
(
1
4
γabω
ab
◦ +A
)
∧Aǫ+ = (dA+A ∧A) ǫ+ . (3.14)
Compatibility with the underlying chiral-duality of the Rarita-Schwinger equations evi-
dently enforces self-duality of F ≡ dA+A ∧A, as a consequence of (3.5). This is however
unproblematic as we already know how to construct self-dual gauge fields, and hence the
corresponding gravitino configurations, via the ADHM method [30] and generalisations
thereof.
This established, we postpone further exploration of this perspective until later on;
before proceeding there are a number of important aspects we must firstly take account of.
3.4 Field strength
For any ǫ, the associated gravitino field strength is
Dψ = D2ǫ =
1
4
Rabγabǫ , (3.15)
one side of which is just the standard integrability condition used in the characterisation of
supersymmetric backgrounds 4. Since we require the existence of solutions to Dǫ+ = 0 in
the torsion-free limit, any torsion-free Riemann curvature must satisfy Rab◦ γabǫ+ = 0. This
requirement is restrictive, but may be engineered in the non-trivial case if the curvature
satisfies an antiself-duality condition, which implies
Rab◦ γab = R
ab
◦ γabP− , (3.16)
as follows from the same argument used in (3.13). A useful corollary [32] of this result is
that given antiself-dual Riemann curvature, there always exists a frame in which the spin
connection satisfies the analogous relations
ωab◦ = −
1
2
ǫabcdωcd◦ , ω
ab
◦ γab = ω
ab
◦ γabP− . (3.17)
The condition Dǫ+ = dǫ+ = 0 is now trivial, since we may always find constant spinors.
Returning to the torsionful context, we may note an interesting consequence of the con-
trasting duality structures of Kab and ωab◦ . In light of our underlying decomposition into
self and antiself-dual two-forms, encoded in (2.1), the torsionful Riemann curvature should
similarly factorise into
Rab = Rab◦ + F
iηiab . (3.18)
4 Using the coordinate covariant derivative ∇ instead yields extra terms proportional to T a [31].
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In practice we may verify by inserting (3.10) and (3.17) and contracting in the cross terms
ωae◦ ∧K
eb − (a↔ b) =
1
4
δ[a[bδ
c
f δ
e]
g]ω
ce
◦ ∧K
fg − (a↔ b) = ωbe◦ ∧K
ea − (a↔ b) , (3.19)
which obviously vanishes. This then allows the convenience of separating the torsionful
and torsion-free aspects of the analysis.
Returning to the gravitino, we already know that ψ+ = Dǫ+ = Aǫ+ and so it simply
remains to construct ψ−. Since the arguments of the previous section suggest that the
solutions we seek should be trivial in the torsion-free limit, which in any case has no effect
on ψ− thanks to (3.13), it is evident that we require
Dψ− = dψ− +
1
4
γabω
ab
◦ ∧ ψ− = 0 , (3.20)
and likewise for Dψ−. In either case we may construct an appropriate solution incorporat-
ing again a constant anticommuting ǫ+, via
ψA˙− = 2ie
a (σa)
A˙A (ǫ+)A = 2e
aγaǫ+ , (3.21)
where we have reinstated spinor indices for clarity. Since negative chirality spinors such as
γaǫ+ are insensitive to the spacetime torsion T
a ≡ Dea here, Dψ− should evidently vanish.
In practice ψ− will actually be more important to us, the same argument gives
ψ−A˙ = 2iǫ
A
+ (σa)AA˙ e
a = −2ǫ+γae
a . (3.22)
In light of our preliminary comments on Euclidean spinors it isn’t entirely clear if
we require some fixed relationship between barred and unbarred spinors here, although
thankfully this isn’t necessarily problematic. Either we may independently set ψ+ and ψ−
to zero, or, if some conventional mapping exists their contribution will in any case mirror
that of ψ+ and ψ−. As such we restrict attention to ψ+ and ψ− in the following, this being
the minimal set of spinors we require.
3.5 Action & equations of motion
Given that ψ+ = Dǫ+, consistency of the theory should guarantee solution of the equations
of motion, since the variation of the action under local supersymmetry is now proportional
to the corresponding Euler-Lagrange equations. We may nonetheless verify.
Varying the Rarita-Schwinger Lagrangian with respect to the gravitino, (3.14) provides
δψ− ∧ γ
5γ ∧Dψ+ = −δψ− ∧ γ ∧ (dA+A ∧A) ǫ+ . (3.23)
The latter term may be rewritten, noting (3.13), via
1
4
γbγcdK
cdǫ+ =
1
4
(
γbcd + 2δ
b
[cγd]
)
Kcdǫ+ = γdK
bdǫ+ = P−γdK
bdǫ+ , (3.24)
where γabc ≡ γ[aγbγc] = ǫabcdγdγ
5, giving
1
4
γ ∧A ∧Aǫ+ = γ
aKab ∧ eb ∧ ψ+ = γ
aT a ∧ ψ+ . (3.25)
This vanishes when the torsion constraint is satisfied thanks to the Fierz identity
γa
(
ψ ∧ γaψ
)
∧ ψ = 0 , (3.26)
which unsurprisingly also appears in proofs of local supersymmetry invariance [31]. Also,
d
(
ψ− ∧ γ
)
= 2d
(
ǫ+γ
aγbeb ∧ ea
)
= −4ǫ+γ
aγbωbc◦ ∧ e
c ∧ ea = 0 , (3.27)
since, by the analogue of (3.24), γbωbc◦ = P+γ
bωbc◦ . Given that dδψ− = δdψ−, the remaining
dA term may therefore be rewritten as a total derivative. Solution of the Rarita-Schwinger
equations is then assured.
Since the torsion-free curvature obeys a duality condition, it follows that the associated
equations of motion are satisfied with zero action, by virtue of the first Bianchi identity
Rab◦ ∧ e
b = 0 . (3.28)
As such, we need consider only the torsionful piece of the Einstein-Hilbert action. Noting
that the Rarita-Schwinger action vanishes on shell, we may expand
ψ− ∧ γ
5γ ∧Dψ+ =
1
2
ǫ+γaγbγcd e
a ∧ eb ∧ F iηicdǫ+ = 2ǫ+γaγc e
a ∧ eb ∧ F iηibcǫ+ , (3.29)
where we have used the ηicd analogue of (3.24). The Fierz identity
χ1σ
abχ2 = −χ2σ
abχ1 , (3.30)
then removes the antisymmetric piece of γaγc, leaving
2ea ∧ eb ∧ F iηibaǫ+ ǫ+ = −ǫabcd e
a ∧ eb ∧ F iηicdǫ+ ǫ+ , (3.31)
where similarity with the torsionful piece of the Einstein-Hilbert Lagrangian is self-evident.
Since we may assume the normalisation (ǫ+)
A (ǫ+)A = 1 without loss of generality, the on-
shell Einstein-Hilbert action evidently vanishes too. Repeating these steps from a slightly
different starting point also yields
ψ− ∧ γ
5γbδe
b ∧Dψ+ = ǫabcd δe
a ∧ eb ∧ F iηicd , (3.32)
where we may recognise the latter term from variation of the Einstein-Hilbert Lagrangian.
Given the relative sign in (2.10), this then implies that the Einstein equations are also
automatically satisfied.
A similar argument can be made to demonstrate invariance under δωab, and hence
solution of the algebraic torsion constraint, but it is straightforward to simply note that
1
2
ψ− ∧ γ
bψ+ = −
1
4
ǫ+γae
aγbγcd ∧Kcdǫ+ = K
ba ∧ ea = T b , (3.33)
as required, where we have used (3.24) and (3.30) 5.
5 As the Einstein-Hilbert action yields a factor of two when varying ea or ωab, whilst the Rarita-Schwinger
action does not, we can be confident the correct ψ
−
prefactor for (3.32) is the same as for (3.33).
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3.6 Supersymmetry invariance
In addition to satisfying the equations of motion, we furthermore require invariance under
transformations of the form of (2.12). Solutions which saturate a Bogomol’nyi bound are
of course BPS and so should preserve only some fraction of the underlying supersymmetry,
which in practice amounts to non-conservation of some of the supercharges Q±.
In the context of ‘bosonic’ supergravity solutions the background value of the gravitino
is set to zero, so δea is also zero and we need only demonstrate invariance under δψ to de-
termine the residual global supersymmetry algebra of any solution. Such an approach also
evades the complications of spacetime torsion in that the background value of the contor-
tion tensor will be zero. In the present context, since we are instead seeking topologically
non-trivial configurations for the gravitino field, no such simplification is possible.
There is however an obvious generalisation from the antiself-dual bosonic case, where
we need only demonstrate that δψ+ is a symmetry of the theory, to the requirement of
invariance under both constant shifts generated by Q+,
δψ+ = Dχ+, δe
a = −
1
2
ψ−γ
aχ+ . (3.34)
Since χ+ is constant it must be proportional to ǫ+, which then implies
δψ+ ∼ Dǫ+ = ψ+, δe
a ∼ −
1
2
ψ−γ
aǫ+ = ǫ+γ
bγaǫ+e
b = ea , (3.35)
where we have used the Fierz identity (3.30). Evidently any solution is simply rescaled
by some constant value and, as the constant of proportionality is the same for both fields,
varying the total action simply rescales it by a fixed amount. Invariance is nonetheless
assured as the action vanishes regardless.
In the context of the full N = 2 supergravity, invariance of the U (1) graviphoton
field V is also required. It is however straightforward to note via (3.30) that under the
corresponding Q+ transformation
δV =
1
2
χ+ ψ+ ∼ ǫ+γ
abǫ+K
ab = 0 . (3.36)
As such, invariance under half of the underlying supersymmetry is still preserved.
3.7 Explicit solutions
These points established, we may now return to constructing solutions and their properties.
To fully isolate the fermionic degrees of freedom, we will specialise presently to the case of
zero spacetime curvature. In this case ωab◦ vanishes, and the Riemann tensor becomes
Rab = F iηiab . (3.37)
Whilst this background is certainly flat, we of course also require it to differ topologically
from Euclidean spacetime 6. Since the topological invariants of supergravity are exactly
6 Non-trivial topology needn’t be an obstruction to the applicability of conventional instanton techniques,
in that we may recognise a parallel between this situation and that of instanton calculus in singular gauge.
More specifically, on a formal level the use of singular gauge requires placing the theory on punctured
Euclidean spacetime, which whilst flat, nonetheless also differs on a topological level from unpunctured
spacetime [20]. Needless to say, this does not however impede the application of standard methods.
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those of general relativity [33], albeit allowing for torsion, from (1.3) we then find
χ =
1
16π2
∫
M
Rab ∧ ∗R
ab =
1
4π2
∫
M
F i ∧ ∗F i = |k| ,
τ =
1
24π2
∫
M
Rab ∧R
ab =
1
6π2
∫
M
F i ∧ F i =
2
3
k , (3.38)
where k is the instanton number from (1.2) 7 8.
Since we may construct every self-dual Yang-Mills connection here via the ADHM
method, we may therefore construct all corresponding fermionic instantons on this back-
ground. Reinstating the gravitational coupling 9, this yields in the simplest case
ψ+ =
1
κ
Aǫ+ =
1
κ
xaσab
x2 + ρ2
eb ǫ+ , (3.39)
where ǫ+ is a constant spinor, and the analogy with (1.1) is clear.
We may summarise a number of important further properties.
1. By virtue of the construction ψ+ must have two degrees of freedom, exactly those of
a massless gauge field and importantly, the requisite number for one half of a Dirac
vector-spinor. As any such gauge field is transverse, ψ+ furthermore is.
2. Given their straightforward proportionality, the moduli space of these fermionic in-
stantons is inherited from the corresponding Yang-Mills equivalent. In the case of
(3.39) we have eight moduli; four coordinates denoting the centre of the instanton,
three determining an orientation within SU (2)+, and one scale size. Generalising to
higher instanton numbers yields in general 8k moduli.
3. Compatibility with the Atiyah-Singer index theorem is self evident, in that for some
arbitrary spinor Dχ+ = dχ+ +A ∧ χ+, exactly as we would have for a spinor in flat
torsion-free spacetime in the background of a Yang-Mills instanton. The number of
zero modes of the Dirac operator is then correlated with the 8k collective coordinates
A possesses.
4. Since A is asymptotically pure gauge, ǫ+ is asymptotically Killing, and ψ+ is accord-
ingly asymptotic to the supersymmetry transformation δψ = Dǫ+ = 0 at infinity.
5. The global U(1) chiral symmetry of N = 2 supergravity is violated by these solutions,
as expected from the corresponding anomalous divergence relation D∗J ∼ Rab∧∗Rab.
Although for reasons of clarity we have specialised latterly to the case of zero spacetime
curvature, the underlying construction presented in the previous sections is of course valid
for general antiself-dual backgrounds. Existing, and in some cases exhaustive, constructions
of Yang-Mills instantons on ALE/ALF spaces [35–40] may then be leveraged to arrive at
corresponding fermionic solutions. Conceivably one may also implement the extension of
7 That χ = 3
2
|τ | here is coherent with the general properties of torsionful Riemannian geometry [34].
8 Our su (2) convention is T a = i~τ , such that Tr
(
T aT b
)
= −δab and
[
T a, T b
]
= −2ǫabcT c.
9 The dimensionally corrected supersymmetry variation δψ = Dǫ/κ implies that [ǫ] = −1/2.
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the ADHM method to non-commutative R4 [41] to provide analogous solutions in non-
commutative generalisations of supergravity [42] 10.
In more general backgrounds, the topological invariants in (3.38) will of course receive
contributions from both bosonic and fermionic sectors. Since the curvature decomposition
in (3.18) is orthogonal, by virtue of mutually incompatible duality conditions, we have
χ = χ◦ + |k| , τ = τ◦ +
2
3
k , (3.40)
where χ◦ and τ◦ are respectively the Euler number and Hirzebruch signature of the gravi-
tational background in question.
4 Conclusions
We have demonstrated the existence of a broad class of zero action, half-BPS solutions to
the Euclidean equations of motion of supergravity, which we identify as fermionic instantons
associated to the status of the gravitino as the gauge field of local supersymmetry.
These may be explicitly constructed in practice from self-dual Yang-Mills gauge fields
and the Killing spinors of the torsion-free background. By leveraging existing results from
instanton calculus in this way we may construct all possible solutions on certain back-
grounds, including asymptotically locally Euclidean spaces. A further possibility also ex-
ists to implement the construction of instantons in non-commutative R4 within the known
non-commutative generalisations of supergravity.
These fermionic instantons thereby constitute a novel class of topologically non-trivial
supergravity backgrounds, which in contrast to conventional ‘bosonic’ solutions feature
non-vanishing fermionic character, and as a necessary consequence, spacetime torsion.
As an interesting aside, such backgrounds provide an explicit realisation of the scenario
explored in [43, 44] seeking to relate quantum gravity and superconductivity via spacetime
torsion. Therein, a gravitational Meissner effect was invoked to generate microscopic tor-
sion vortices in an analogous fashion to the creation of magnetic flux vortices in type II
superconductors, albeit at the cost of introducing a number of somewhat contrived fea-
tures, including a spacetime dependent cosmological constant. In the present context these
torsion vortices are supplied by the gravitino instanton cores, which are in contrast natural
phenomena within the context of supergravity.
Given the wide range of existing instanton applications and literature, and the fact
that the solutions presented herein inherit their form from ‘conventional’ gauge theory
instantons, the primary task at hand seems to be to now import known results into this
novel fermionic context. This logic may of course also be extended beyond instantons to
other topologically non-trivial phenomena, such as monopoles, vortices and domain walls.
Of course one needn’t limit attention to topologically special solutions; we may also leverage
these considerations to search for fermionic configurations of more prosaic character.
Going beyond the present minimal setting, we also note that there exists a wide array
of supergravity and string theories in diverse dimensions, possessing varied field content
10 Intriguingly the requirement of a chiral gravitino, which motivates the present setting of N = 2
supergravity, is in fact enforced by the non-commutative N = 1 local supersymmetry in four dimensions.
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and symmetry. The utility and behaviour of these new solutions within such contexts is
also naturally of interest.
One further aspect of particular importance is the need to understand the role of these
solutions in the super-Higgs phase, given the relevance that this may have for modern-day
phenomenology.
In closing, we also note that it is not necessarily guaranteed that the construction
given here of fermionic instantons is complete. Conceivably there may also be solutions
which are not globally of the form ψ = Dǫ. The existence and possible properties of such
configurations is then also an important open question.
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